From Bénard-Marangoni convection to salt flat in Bolivia, from veins on leaves to cells on Drosophila wing discs, polygon-based networks exhibit great complexities, yet similarities persist and statistical distributions can be remarkably consistent. Here based on analysis of 117 data sets from random polygonal tessellations of a wide variety of physical origins, we demonstrate the ubiquity of an exponential, Boltzmann-like distribution in the squared norm of the deformation tensor. This distribution directly leads to a Gamma distribution in polygon aspect ratio under a monotonic mapping, and enables the definition of a pseudo temperature -the E2 temperature -that varies by nearly two orders of magnitude across the systems. Data examined in the phase space of this temperature and the mean normalized perimeter exhibit defined correlations and regimes, suggesting different "phases" based only on geometric quantifiers for broad classes of phenomena.
on cell aspect ratio collapse and follow a normalized Gamma distribution, implying a universal principle underlying the geometric configuration and pertinent processes.
What is the basis of this universality? Does it carry beyond the biological context? In this work we analyze a total of 117 data sets in 11 groups that include convection patterns (Bénard and solar supergranulation), landforms (salt flats, on Mars, and in or near the Arctic), cracked dry earth, biological patterns (veins on leaves, cells on Drosophila wing discs observed via two separate approaches, and plated MDCK cells), and granular assembly ( Fig. 1 and Table 1 ). We demonstrate that the Gamma distribution in polygonal aspect ratio arises from an exponential, Boltzmann-like distribution in the squared mean-field strain tensor norm, based on which we develop a unifying solution. Furthermore, both distributions persist in all data examined, and hence are true, general characteristics of random polygonal tessellations. Importantly, the exponential distribution naturally gives rise to a pseudo-temperature consistent with the canonical form of Edwards measure [5, 23, 24, 54] . We term this temperature the "E2 temperature". A phase space is formed in conjunction with the mean normalized perimeter, which exhibits distinctive correlations and regimes suggesting "phases". A threshold value identified in the specific context of confluent biological tissue modeling [9] carries over to demarcate phase boundaries in a much broader sense. Overall these geometric quantifiers transcend the specific systems, promise a framework to understand a wide class of phenomena, and can be generalized to higher dimensions although only planar tessellations are examined in the current work.
Theory
We begin by a theoretical construction defining the mean-field deformation tensor and connecting its statistics with that of the aspect ratio. An exemplary processed image of a Drosophila wing disc 120h after egg laying (AEL) is shown in Figure 1j , where the color scale indicates magnitude of the cell aspect ratio (defined in Methods). We choose as our reference frame a regular n-polygon centered at the origin, with vertices
x j = [cos(j2π/n), sin(j2π/n)], j = 1, ..., n.
(
This polygon, denoted by P R , has an area of A 0 = (n/2) sin(2π/n), a perimeter of L 0 = 2n sin(π/n).
Figure 1k
uses n = 6, a hexagon as an illustrative example. We consequently regard any n-sided polygon P with vertices y j as a "deformation" from P R ,
Note that this deformation is to be understood as a morphological deviation from the reference P R , rather than an actual physical deformation, although the latter is a possibility. We also require that the centroid of P is aligned with that of P R . The deformation is in general non-uniform, in the sense that for n ≥ 3, a single deformation tensor of F ∈ R 2×2 cannot be identified by y j = Fx j for all of j = 1, ..., n. Nevertheless we can introduce an approximation, namely, y j ≈ y j = Fx j , j = 1, ..., n. [14] ; (b) Land cracks due to desiccation [43] ; (c) Ice wedges from northern Canada [71] ; (d) Veins on a Ficus lyrata leaf [16] ; (e) Desiccation pattern of an ancient lake on Mars [50] ; (f) A snapshot of Salar de Uyuni in Bolivia, world's largest salt flat [31] ; (g) Supergranulation on solar surface [37] ; (h) A granular assembly: the surface of a well-sorted sand and the polygons are the Voronoi volumes [12] ; (i) Plated MDCK cells (this work). (j) A processed image of a developing Drosophila wing disc (this work) with the aspect ratio of cells color-mapped. (k) A regular hexagon P R (blue, with vertices x j ), a deformed hexagon P (red, with vertices y j ), and a uniform deformation as mean-field approximation P (black dashed outline, with vertices y j ).
This approximation is analogous to a Taylor expansion in which only the leading order term is retained.
Different approaches can be used to obtain F, for example, by minimizing the difference between y j and Fx j for all j in the sense of least-square for an over-determined problem. The use of a uniform deformation to approximate the local and non-uniform deformation field is effectively coarse-graining, reducing the degree of freedom from 2n to 4 and suppressing the fluctuations. F can thus be regarded as a mean-field state variable that characterizes the cellular microstate. This idea is illustrated in Figure 1k (right), where P is the approximate and uniformly deformed polygon. From F we define the usual strain
where I is the identity tensor, and the approximation is valid in the small-to-moderate deformation regime.
We next bring forth the main postulate, that the strain tensor E characterizes a microstate and the cells follow a Boltzmann-type distribution,
Here ψ is defined as the squared Frobenius norm of E and will be treated as a pseudo-energy in our context.
The trace-free constraint on E restricts us to isochorric deformations (by always requiring that P R has the same area as P) and reduces the degree of freedom to 2. Experimental verification of this postulate is presented later. We demonstrate that Eq. (5) sufficiently gives rise to the k-Gamma distributions observed in experiments such as in [3] . The derivation is as follows. The aspect ratio a r of the polygon, as calculated via the second area moments, is related to |E| by (SI)
The cumulative distribution function with a r ≤ 1 + x is given by
Explicitly, we set E = (u, v; v, −u), so that ψ = 2(u 2 + v 2 ). Carrying over the integration in (7) we have
and subsequently the probability density function (PDF) for x,
Here we term x (defined as a r − 1) the "shape factor" [84] . Equation (10) is a main result of this paper.
A similar integration over the probability space reveals
Type (abbreviation) Note the difference in the arguments in (5) (tensor) and (11) (scalar). We realize that for the two scalars a r and ψ, Eq. (6) defines a monotonic, one-to-one mapping that can be used for probability transformation:
given the distribution of one, the other can be determined (SI). Furthermore, deriving from the tensor distribution, the scalar variable ψ also follows a Boltzmann distribution because configuration density
function Ω(ψ) is constant in the two-dimensions. This function, however, is in general not constant in higher dimensions, as discussed below.
Experimental data validate |E| 2 and a r distributions
The postulate and results are extensively validated with a total of 117 data sets spanning 11 groups summarized in Table 1 ; detailed descriptions, data sources, and method of analysis are presented in the Methods section. The left column shows the PDFs of |E| 2 , which are very well fitted by the exponential form, exp(−β|E| 2 ).
Extracted β, via a least-square fitting approach, spans nearly two orders of magnitude. In all data sets analyzed, the minimum is β = 3.57, corresponding to a Drosophila wing disc in an early stage of development (84h AEL, Fig. 2m ); the maximum is β = 157, corresponding to a case of Bénard-Marangoni convection.
The center column shows the PDFs of the shape factor, a r − 1 (symbols). The theoretical predictions per Eq. (10) are shown in dashed, and exhibit excellent agreement with data. They are generated per Eq.
(10), with the single input parameter, β, extracted from the analysis of |E| 2 distribution.
Lastly in the right column, the PDFs for a r − 1 are normalized with a r − 1, where · denotes the mean: [74] , [28] , and [70] , respectively, for the top 3 rows; and from this work for MDCK and Droso Fix.
Both data and theoretical predictions are normalized following this practice. The dot-dashed are best fits using a k-Gamma distribution defined as
where Γ(k) is the Gamma function, and k is the single fitting parameter. The agreement is evident, and the k-values are found to vary between 2 and 3.
Overall corroboration between theory and data are quantified by the coefficient of determination, R 2 , and are listed in Table 1 (10) is also attested by Fig. 3a . Here we define a pseudo temperature T as the inverse of β, namely, T = β −1 . To compare with data, a theoretical prediction is generated by using (10) in the integration (12) .
The above results validate that the strain tensor norm does follow an exponential, Boltzmann-like distribution. (The slightly different form (5) is validated, too, by simply considering isotropy of E; see SI.) The universality of this distribution in all data sets, according to our theory, necessarily leads to a universality of k-Gamma distributions for the aspect ratio. That is, the validity extends beyond the confluent tissues studied in [3] , and to all systems we analyzed. As a corollary, (10) provides a fundamental solution for the aspect ratio, of which the k-Gamma distributions (13) are convenient approximations. This solution does not normalize to a single curve with a single k value if fitted with Gamma distributions.
In fact, it predicts a positive correlation between β and k (SI). Qualitatively, this means that PDFs of aspect ratio (a r , or equivalently, x) with wider spread and greater mean (corresponding to lower values of β) present themselves relatively to the left after normalization (corresponding to lower values of k and noting that maxima occur at 1 − 1/k per (13)). This trend is fully corroborated with data from our own work ( Fig. 2, and Fig. S2 in SI, center and right columns) and Atia et al. [3] (Fig. 3 therein) , as well as predictions from a self-propelled Voronoi model in the latter. In summary, the variability in k arises from the variability in β, the inverse temperature which is a fundamental quantity.
A geometric phase space
Further intriguing patterns are revealed in Fig. 3b when T is plotted against p 0 , the target shape index, or a preferred, area-normalized perimeter [9] . Here p 0 = L/ √ A, where L is the polygon perimeter, and
A is area. For each data set, p 0 is the mean value of all polygons therein. Note that both p 0 and T are purely geometrically derived -the strain tensor is computed from shape deformation. Immediately we note that data is divided into two regimes. The upper regime is demarcated approximately by T * = 0.033 and p * 0 = 3.812. Here p * 0 is that of a regular pentagon, and is identified by [9] as the threshold for a "solid-liquid" (rigidity) transition. Data in this regime has a pronounced trend: except for the apparent outlier (the single data point to the far upper-right of Fig. 3b ), the rest follows approximately
as indicated by the dashed line from best fitting. The coefficient of determination for the fitting is R 2 = 0.888 for all data groups pooled together. The outlier corresponds to MDCK cells plated at 1.5 × 10 4 cells/cm 2 , where cells have non-convex shapes with tortuous edges -see Fig. S1c in the SI, so that our approximation using straight-edged polygons may not be accurate. Further discussion on the above correlation is below. In contrast, data in the lower regime behave differently: they are characterized by lower temperature and p 0 around the transitional value of p * 0 (3.76 < p 0 < 3.85). Very peculiarly, all data from group Gran-sim (hollow triangles) in this regime gather around p * 0 . In addition, a "gap" appears to exist between T = 0.0168 and 0.033, between which only a single data point in the Bénard group exists.
This gap is also evident in Fig. 3a . However, it remains unclear whether this is due to the finite size of data sets available.
We speculate that the regimes correspond to "phases". Especially, the critical value in p 0 occurs near p * 0 , the rigidity transition threshold proposed by Bi et al. [9] . In that work this threshold is deduced specific to a second-order, perimeter-based energy model suitable for biological tissues and alike. Data forces. Yet p * 0 does seem to to pose as a threshold demarcating regimes. On the other hand, the precise meaning of phases needs to be cautiously examined. In [9] , the fluid-like regime of p 0 > p * 0 is defined by that the energy barrier for cell rearrangement (known as the T1 transition) practically vanishes, allowing "free flow" of cells. It is not clear if this concept can be generalized. A detailed study is needed and is the scope of future work. Nevertheless, the current result indicates that p * 0 does carry more universality which extends previously suggestions.
E2 temperature and thermodynamic implications
We thus far presented data in terms of a pseudo temperature, T . Indeed, in the presence of Boltzmann-like distributions, the definition of such a temperature is straightforward and appropriate. Borrowing from the canonical form of Edwards measure in the context of granular assembly, and replacing volume with the squared tensor norm as pseudo energy, we have [18, 23, 24, 54] ,
where Q is the canonical partition function, and Ω(ψ) is the configuration density function. As we postulate that E characterizes a microstate, equal a priori probability leads to
where V := {E ∈ R 2×2 sym : TrE = 0}. In other words, Ω(ψ) is constant, and our observations are consistent with a canonical ensemble. In addition, the tests by Dean and Lefèvre [18] and McNamara et al. [54] become trivial: the ratio of two overlapping exponential distributions will necessarily give another exponential distribution. Further rudimentary calculations follow. The ensemble-averaged energy and entropy
respectively. Indeed T = d ψ /d s . We will henceforth term this temperature the E2 (E-square) temperature for planar polygonal tessellation.
Similar to the volume function in granular assembly by Blumenfeld and Edwards [10] , the trace-free tensor E resides in a particularly small, two-dimensional phase space, which results in the constancy of Ω and the particularly simple behavior of ψ. A useful prediction is that if we extend the theory to space partitions in three dimensions, E will instead resides in a 5-dimensional phase space, and we expect
This prediction will be validated in studying three-dimensional space partitions in future work, and the E2 temperature may be properly generalized to higher and arbitrary dimensions.
The physical meaning of E is self-evident: it represents deformation, and hence is typically associated with energy in one form or another. In the wide range of phenomena we studied, the constitutive relations come in different forms (some are yet unknown). However, a couple of usual possibilities can be speculated.
If the energy is bulk-elastic in nature, then any physically reasonable elastic model of a polygon, valid in the small-to-moderate deformation regime, must follow the form [33] 
where µ is the first Lamé constant, whereas the second constant is not needed as TrE = 0 (SI). On the other hand, if energy is associated with edge lengths or perimeters, such as in the case of models for 2D confluent tissues [9, 41, 51] , Eq. (18) is still a formally valid approximation, as the change in perimeter is also proportional to |E| 2 in leading-order approximation (SI). These two possibilities of linear constitutive relation cover a reasonably wide range of physical systems, although they do not apply to certain scenarios such as granular assembly and convection patterns. The conservational laws in these latter systems in relation to the deformation strain await further exploration.
In relations to the above point, we have thus far demonstrated a consistency with the canonical ensemble. Further specific details depend on identifying the conservation principles in each system, namely, the conservation of a energy or pseudo-energy. Nevertheless, if we were to temporarily accept applicability of the ensemble theory, in light of the ensemble averages (16) Fig. 3b becomes particularly interesting: we effectively demonstrated a phase space of (p 0 , s ) as s ∝ ln T .
We have thus presented a two-fold story in this work: i) that the Boltzmann-like distribution in the squared deformation tensor norm leads to the k−Gamma distributions in the aspect ratio; ii) that both types of distributions are universal in a wide variety of planar tessellations spanning different physical systems. Although these two distributions are mutually deducible, the simpler (the Boltzmann-like) is frequently the more fundamental. The E2 temperature is well-defined, and can be generalized to higher dimensions. When all data sets are compiled in a phase space, a surprising result emerges that the value p * 0 seems to be broadly applicable as a threshold to separate regimes ("phases") of behavior. The mean-field strain tensor, with its clear physical and geometric meaning, is an ideal quantity connecting the conservation principles, the energy (or pseudo-energy) landscape, and the geometric distributions. Since the landmark proposal of the Kelvin structure in 1887 [79] , networks that partition the space have been of both significance and grave challenges due to their complexities. Global minimization of surface areas and/or energies in these networks is intrinsically difficult due to non-convexity, and metastable states are believed to prevail. In three dimensions only a counter-example was offered [82] , whereas in the two dimensions, the Honeycomb Conjecture was proven only recently by Thomas Hales [35] -the honeycomb structure as the "optimal" structure corresponds precisely to the absolute zero of the E2 temperature. This zero temperature is however not uniquely defined -repeating triangular and square patterns are other possibilities. Nevertheless, conjunction with other intensive parameters such as the preferred perimeter leads to an attractive path of establishing a thermodynamic framework, especially considering that both parameters are geometric in nature, and transcend differences in physical mechanisms. This framework promises to describe generally polygonal and polyhedron networks randomized by active agitations, structural defects, and noises, among others.
Methods

Data Collection
Among the data groups listed in Table 1 , the last 3 (Droso Fix, Droso Live, and MDCK) are generated from this work, whereas other data types are collected from the public domain. They are briefly described below, and the specific images analyzed are identified in the references where possible.
Bénard-Marangoni Convection (Bénard) Bénard-Marangoni convection patterns from experimental images published in journal papers, books, and online image [11, 14, 20, 22, 26, 74] .
Granular Packing (Gran-exp and Gran-sim) Images are adapted from research papers, including both experimental [6, 12, 85] and simulation work [4, 29, 44, 45, 56, 57, 63] . While elements in packing are typically not polygonal, the polygonal tessellation we analyze derives from their Voronoi volumes.
Salt Flat of Uyuni (Salt Flat) All images of the Salar de Uyuni (Bolivia) are from online, or captured from still frames of online videos. Credits are given to identifiable author IDs, and time stamps in videos are provided [27, 28, 31, 52, 55, 60, 76] .
Landforms on Mars (Mars) All photos come from the High Resolution Imaging Science Experiment (HiRISE) on board the Mars Reconnaissance Orbiter and are produced by NASA, JPL-CalTech and University of Arizona [47, 50, 65, 66, 67, 77] . The mechanisms of geological pattern formation on Mars are still the subject of active studies, and theories include desiccation [50] , thermal contraction [47, 65, 66] , and ice sublimation [77] . The image from [67] likely indicates ridges of sand dunes.
Veins on Leaves (Leaves) All images are from online where proper credits are given to website, author, or author ID whichever is identifiable [16, 32, 40, 42, 69, 78] . Species are not identified in photos except for [16] , which shows Ficus lyrata (Fiddle- Leaf Fig) .
Landforms in the Arctic (Arctic) Polygonal landforms in or near the Arctic are mostly ice wedges [2, 7, 48, 61, 71, 72, 83] or tundra [17, 53] , whereas patterns in the latter typically corroborate with locations of ice wedges, too.
Supergranulation on Solar Surface (Solar) Supergranulation patterns on the solar surface from observations [8, 15, 19, 34, 37, 75] .
Cracked dry earth (Cracks) Land cracks, mostly probably formed due to desiccation. Images are collected from the internet [1, 13, 39, 43, 46, 58, 70, 81, 86] .
Drosophila wing disc, fixed (Droso Fix) Drosophila were cultured at 25°C. To obtain fixed wing discs at different stages, eggs were laid for 2 to 4h, and larvae were dissected at 72, 84, 96, 108 and 120h after egg laying (AEL). Dissected wing discs were fixed in 4% paraformaldehyde for 15 min at room temperature. Staining of fixed wing discs was performed essentially as described in [68] using rat anti-E-cad (1:400 DCAD2; DSHB) and anti-rat Alexa Fluor 647 (Jackson ImmunoResearch, 712-605-153).
Images were captured on a Leica SP8 confocal microscope. To compensate for aberrations due to the curvature of wing disc and signals from the peripodial epithelium, we used the Matlab toolbox ImSAnE [36] to detect and isolate a slice of the wing disc epithelium surrounding the adherens junctions, which was then projected into a flat plane, as described previously [62] .
Drosophila wing disc, live (Droso Live) For live imaging of cultured wing discs, larvae expressing GFP-labelled E-cadherin from a Ubi-Ecad:GFP transgene were dissected at 96h AEL, and then cultured based on the procedure of Dye et al. [21] . Live wing discs were imaged using a Perkin Elmer Ultraview spinning disc confocal microscope every 8 mins for 12 hours. [38] . Images were acquired using LAS X software on a Leica TCS SP8 confocal microscope system using a HC PL APO 63×/1.40 objective.
Image and data analysis
Fluorescent images are analyzed using Tissue Analyzer, a plug-in of ImageJ (version 1.52j), from which the cells are sectioned and cell centroids, edges, and vertices are identified. Post-processing is then performed with MATLAB. For each cell, the second area moment tensor, defined with respect to the cell centroid c,
where the integration is over the polygon (cell) P. Note that here we ignore the curvature of cell edges and assume (by approximation) that they are straight lines connecting vertices. Standard and exact formulae are available for polygons which we use to compute the components of M with only the coordinates of the vertices, y j 's. The aspect ratio a r is a r = max(λ 1 , λ 2 ) min(λ 1 , λ 2 ) ,
where λ 1 and λ 2 are eigenvalues of M.
The mean-field deformation tensor F can be approximated via several different approaches, one of them being minimizing the residue of Eq. The coefficient of determination, R 2 , follows the standard definition,
Here 'var' denotes variance, f is the data presented in array form, and f is the corresponding array generated via fitting (such as for |E| 2 ) or a theoretical prediction (such as for a r ).
